Abstract. A familiar functional equation f (ax + b) = cf (x) will be solved in the class of functions f : R → R. Applying this result we will investigate the Hyers-Ulam-Rassias stability problem of the generalized additive Cauchy equation
Introduction.
The starting point of the study of stability of functional equations seems to be the famous talk of Ulam [21] , in which he discussed a number of important unsolved problems. Among those was the question concerning the stability of group homomorphisms:
Let G 1 
be a group and let G 2 be a metric group with a metric d(·, ·). Given ε > 0, does there exist a δ > 0 such that if a function h : G 1 → G 2 satisfies the inequality d(h(xy), h(x)h(y)) < δ for all x, y ∈ G 1 , then there exists a homomorphism H : G 1 → G 2 with d(h(x), H(x)
) < ε for all x ∈ G 1 ? The case of approximately additive functions was solved by Hyers [6] under the assumption that G 1 and G 2 are Banach spaces. Later, the result of Hyers was generalized by Rassias [14] and other mathematicians (see [3, 4, 5, 7, 8, 9, 10, 11, 12, 15, 16, 17, 19, 20] ). The work of Rassias stimulated a number of mathematicians to investigate the stability problem of various functional equations. The terminology "Hyers-UlamRassias stability" of the additive Cauchy equation was originated from these historical backgrounds. This terminology is also applied to the other functional equations.
For a given integer m ≥ 2, let (a ij ) be a matrix in C m×m whose determinant ω is not zero. For i ∈ {1,...,m}, we denote by ω i the determinant of the matrix that remains after all entries of the ith column in (a ij ) are replaced by 1. In [13] , the first author investigated the Hyers-Ulam-Rassias stability problem of a generalized additive Cauchy equation Given x 0 ∈ E 1 , we define a sequence {s n (x)} by
for any x ∈ E 1 and n ∈ N. Assume that a function ϕ :
The following is one of the main theorems in [13] . 
for all x 1 ,...,x m ∈ E 1 and for a fixed
for all x ∈ E 1 .
The following familiar functional equation
frequently appear in solving various functional equations (especially, in solving the generalized additive Cauchy equations). But to the best of our knowledge no author solved this equation. In Section 2, we solve the functional equation (1.8) in the class of functions f : R → R. And, in Section 3, we use the result of Section 2 to study the Hyers-Ulam-Rassias stability of the generalized additive Cauchy equation (1.1). The question of Rassias and Tabor concerning the stability of the generalized additive Cauchy equations is studied in Section 4.
General solution of (1.8).
Aczél and Kuczma, [1] , solved a familiar functional equation
where γ is a real constant and k ≠ 1 is a positive constant. Indeed, they proved the following theorem.
where p : R → R is an arbitrary periodic function of period 1.
By using the idea of Aczél and Kuczma, we solve (1.8). 
for all x > −b/(a − 1), and
for any x < −b/(a − 1), together with
, imply that f is a solution of (1.8). Now, assume that f : R → R is a solution of equation (1.
8). Let us define functions
Then,
which mean that p 1 and p 2 are periodic functions of period 1.
If we put t = log a (x +b/(a−1)) and t = log a (−x −b/(a−1)) in the first and second definition of (2.7), respectively, then we see that (2.3) is true.
Hyers-Ulam-Rassias stability of (1.1). Throughout this section, let (a ij ) be a matrix in R
m×m whose determinant ω is nonzero, where m is an integer greater than 1.
We denote by ω i the determinant of the matrix that remains after all entries of the ith column in 
The following lemma is a reduced version of Theorem 1.1 which will be applied to the case of real normed spaces. We may slightly modify the proof of Theorem 1.1 to prove the following lemma.
Lemma 3.1. Let E 1 be a real normed space and E 2 a real Banach space. If a function f : E 1 → E 2 satisfies inequality (1.6) for all x 1 ,...,x m ∈ E 1 and for some x 0 ∈ E 1 and |B| > 0, then there exists a unique function F :
for each x ∈ E 1 .
Combining Theorem 2.2 and Lemma 3.1, we obtain the following theorem. 
for all x ∈ R. Furthermore, the function F may be represented by 
Question of Rassias and
Tabor. Rassias and Tabor [18] asked whether the generalized Cauchy functional equation [2] proved the Hyers-UlamRassias stability. Furthermore, the stability problem for the case of v ≠ 0 in (4.1) was investigated in [13] . We will give a partial answer to the question of Rassias and Tabor which is indeed a corollary to Theorem 3.2. 
for some θ ≥ 0, for a fixed w ∈ R and for all x, y ∈ R, then there exists a unique function F : R → R with
for any x ∈ R, where for all x ∈ R. Theorem 2.2, together with (4.6), implies (4.4).
